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Motivated by surprises in recent experimental findings, we study transport in a model of a quan-
tum Hall edge system with a gate-voltage controlled constriction. A finite backscattered current
at finite edge-bias is explained from a Landauer-Buttiker analysis as arising from the splitting of
edge current caused by the difference in the filling fractions of the bulk (ν1) and constriction (ν2)
quantum Hall fluid regions. We develop a hydrodynamic theory for bosonic edge modes inspired by
this model. The constriction region splits the incident long-wavelength chiral edge density-wave ex-
citations among the transmitting and reflecting edge states encircling it. The competition between
two interedge tunneling processes taking place inside the constriction, related by a quasiparticle-
quasihole (qp-qh) symmetry, is accounted for by computing the boundary theories of the system.
This competition is found to determine the strong coupling configuration of the system. A sepa-
ratrix of qp-qh symmetric gapless critical states is found to lie between the relevant RG flows to a
metallic and an insulating configuration of the constriction system. This constitutes an interesting
generalisation of the Kane-Fisher quantum impurity model. The features of the RG phase diagram
are also confirmed by computing various correlators and chiral linear conductances of the system.
In this way, our results find excellent agreement with many recent puzzling experimental results for
the cases of ν1 = 1/3, 1. We also discuss and make predictions for the case of a constriction system
with ν2 = 5/2.
PACS numbers: 73.23.-b, 71.10.Pm, 73.43.Jn
I. INTRODUCTION
Despite being a subject of intense experimental and
theoretical interest, much is yet to be learnt of the
combined effects of electron correlations and impurities
on the transport properties of low-dimensional strongly
correlated systems. The availability of several non-
perturbative theoretical methods for studying the physics
of systems in one spatial dimension has, however, al-
lowed for considerable progress to be made for such
systems1. A physical one-dimensional system ideal for
studying these issues are fractional quantum Hall edges
(FQHE)2,3. Considerable experimental advances have
been made in exploring the physics of the edge states4
and in confirming many of the theoretical predictions
made of the remarkable properties of these systems5.
Several recent experiments have, however, pointed out
the need to develop a deeper theoretical understanding of
inter-edge quasi-particle tunneling phenomena in FQHE
systems with gate-voltage controlled constrictions6,7,8,9.
These experiments serve as the primary motivation for
the models proposed in this work. However, before dis-
cussing these experiments, we first present a discussion of
the existing theoretical paradigm for the understanding
of inter-edge tunneling physics in FQHE systems.
Kane and Fisher11,12 observed in their classic work
that (a) the tunneling between two FQH edges sepa-
rated by the FQH fluid was akin to the backscattering
of electrons by an impurity in a Tomonaga-Luttinger
liquid (TLL) and (b) the tunneling between two FQH
bubbles separated by vacuum was akin to the tunnel-
ing of electrons across a weak-link (infinitely high bar-
rier) between two TLLs. Their perturbative analysis re-
vealed that process (a) was relevant under RG transfor-
mations while process (b) was irrelevant, thus suggesting
that the low-energy physics of the FQHE tunneling prob-
lem was likely to be that of two FQH bubbles separated
by vacuum. Both these scenarios are described by the
boundary sine-Gordon model13. In the following years, a
quantum Monte-Carlo simulation by Moon etal.14, an in-
stanton calculation by Furusaki and Nagaosa15, a confor-
mal field-theory analysis by Wong and Affleck16 as well
as the exact solution of Fendley etal.17 using the ther-
modynamic Bethe Ansatz method demonstrated that
these scenarios were, in fact, correct in their descrip-
tion of the system. Further, they showed that, within
the confines of the boundary sine-Gordon model, there
was no intermediate fixed point in the RG flow of the
backscattering/tunneling couplings in this model. Sev-
eral works have also analysed the effects of inter-edge
interactions18,19,20, disorder21 on quasiparticle transport
in FQH edge systems. Attention has also been given to
tunneling at point-contacts between FQH fluids with dif-
ferent filling-fraction22 as well as at contacts with Fermi
liquid reservoirs23. More recently, attempts have been
made at developing a more general theory for the study
of critical points in edge tunneling between generic FQH
states24,25.
The phenomenological description of tunneling be-
tween chiral edges outlined above relies on the follow-
ing scenario. For no backscattering coupling between the
two edges of opposite chirality at, say, x ∼ 0, we have
a system of two chiral 1D systems which are continu-
ous at x = 0. This can be seen by consulting Figure
(1) given below for the case of the fields (φ1,in, φ1out)
and (φ2in, φ2out) being continuous. Upon introducing a
2small RG-relevant inter-edge tunnel coupling, we are left
at strong backscattering coupling with a system in which
the earlier edges are now discontinuous across x = 0;
they have, in fact, now become reconnected in a dif-
ferent configuration, with the fields (φ1,in, φ2out) and
(φ2in, φ1out) now being continuous (as can be seen in
Figure (1) below). This means that, in order to de-
scribe ballistic transport intermediate between these two
which is characterised by a finite backscattering of cur-
rent, one must consider the possibility of the fields de-
scribing the chiral edge excitations as being discontinu-
ous across x = 0. In doing so, it appears necessary to
rely on ideas non-perturbative in nature. Accounting for
additional quasiparticle tunneling among the various in-
coming and outgoing chiral edges is then likely to lead
to a non-trivial variation of the boundary sine-Gordon
model. Insights on these issues were gained recently in
Ref.(26), in the form of a new model for the constric-
tion geometry in quantum Hall system which, while be-
ing simple in essence, is clearly beyond the paradigm of
the quantum point contact. We aim here to develop the
ideas presented in that work, exploring more fully the
consequences of such a constriction system.
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FIG. 1: A schematic diagram of the “boundary” in our sys-
tem given by the dashed box around the region symbolised
by (x ∼ 0). The four chiral fields approaching and leaving
this region are shown by the arrows marked as φ1,in, φ1,out,
φ2in and φ2,out. The dashed horizontal and vertical lines at
the junction represent quasiparticle transmission in various
directions.
As will be discussed in the next section, several recent
experiments on inter-edge tunneling in FQHE systems
show that it is possible to use the voltage of a split-gate
constriction to tune the inter-edge transmission to val-
ues intermediate to those in the two scenarios described
above. Further, they reveal a very interesting evolu-
tion of the transmission through the constriction with
decreasing inter-edge bias. This will lead us to formu-
late a simple phenomenological model for the split-gate
constriction region. We will then perform a Landauer-
Buttiker analysis and compute the conductances of the
model. The results of this analysis will be seen to point
to some interesting conclusions for transport in the pres-
ence of a constriction. It is now well established that
the low-energy theory for the dynamics of the gapless
long-wavelength excitations on the edges of a FQH sys-
tem are described by a hydrodynamic continuum chiral
TLL theory2 of propagating density disturbances which
are bosonic in nature. Adhering to the spirit of such
a hydrodynamic description, we formulate a continuum
model for the constricted quantum Hall edge system in
section III. In section IV, we introduce local quasiparticle
tunneling processes inside the constriction and construct
a boundary theory for the problem. In this way, we inves-
tigate the RG phase diagram of the system for the vari-
ous tunnel couplings. We complete the study in section
V by computing several chiral correlators and conduc-
tances at weak- and strong-quasiparticle tunnel coupling
values. We then present a comparison of the results of
our model with those obtained from recent experiments
in section VI. Here, we will also reflect on the relevance
of our model to the case of a constriction with a filling
factor of ν = 5/2. We end by discussing some finer as-
pects of the model and outlining some open directions in
section VII.
II. MODEL FOR A SPLIT-GATE
CONSTRICTION
We now propose a simple, phenomenological model for
a split-gate constriction created in a quantum Hall sys-
tem. A schematic diagram of an experimental setup of
a FQH bar with a gate-voltage controlled constriction is
shown below in Figure (2).
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FIG. 2: A schematic diagram of a FQH bar with a gate-
voltage (G) controlled split-gate constriction which lowers the
electronic density in the constriction region as well as brings
the top and bottom edges of the Hall fluid in close proxim-
ity, allowing for tunneling to take place between the opposite
edges. S and D signify the source and drain ends of the Hall
bar while the numbers 1 to 4 signify the current/voltage lead
connections. The external magnetic field points out of the
plane of the paper.
As is indicated in Figure (2), the constriction is cre-
ated electrostatically in a two-dimensional electron gas
(2DEG) quantum Hall system at filling-fraction ν1 by
the electronegative gating of metallic split-gates. An im-
portant effect of the split-gate constriction is to bring the
two counter-propagating edges of the Hall fluid in close
3proximity, allowing for the possibility for quasiparticles
to tunnel between them. As discussed earlier, this has
been a major focus in the study of the physics of FQHE
systems. However, an often neglected effect of the split-
gates is that the electric field induced by them reduces
the 2DEG density (and hence the filling-fraction of the
Hall fluid) in the narrow constriction region; the inter-
particle correlations in the constriction are thus likely
to increase in strength. We can, therefore, expect the
filling-fraction of the FQH fluid in the constriction, ν2,
to be a function of ν1 as well as the gate-voltage Vg,
i.e., ν2 ≡ ν2(ν1, Vg), in such a way that (i) ν2 = ν1 for
Vg = 0 (i.e., no constriction) and (ii) ν2 < ν1 for Vg < 0
(i.e., with a constriction). While the filling-factor ν1 (for
ν−11 being an odd integer, such that we have only single
edge states) can be related to the strength of the inter-
edge density-density interactions, gedge, in the bulk of the
FQH system3,12,22
ν1 = (1 + gedge)
−1/2 , (1)
no such simple relation exists, at present, for the filling-
factor in the constriction, ν2. Clearly, this will need a
greater understanding of the role of the gate-voltage Vg
in creating the constriction.
A. Surprises from the experiments
We now turn to a discussion of the several puzzling re-
sults observed in experiments on transport through split-
gate constrictions in integer6 and fractional7,8 quantum
Hall systems and outline the several intriguing results ob-
served therein. Working with an experimental setup as
shown in Fig.(2), a finite dc bias between the two edges
coming towards the constriction Vc is imposed through
the source (S) terminal while the drain (D) terminal as
well as terminals 1 and 2 are kept grounded.
(i) A current I is incident on the constriction from the
upper-left edge and is partially transmitted with the
transmitted current finally being collected at the termi-
nal 3. The reflected current is collected at terminal 1 and
gives rise to a bias-independent longitudinal differential
resistance across the constriction at large bias Vc.
(ii) The two-terminal differential conductance G(Vc) is
measured at temperatures as low as 250mK < eVc
and gives the transmission coefficient of the constriction
0 ≤ t(Vc) (= G(Vc)/G0) ≤ 1 (where G0 = ν1e2/h is
the Hall conductance of the bulk; ν1 = 1 in Ref.
6 and
ν = 1/3 in Ref.7,8). At sufficiently large values of the
gate-voltage Vg and large bias Vc, t(Vc) is observed to
saturate with |Vc| at a value less than unity. Further,
t(Vc) is observed to dip sharply and vanish with a power-
law dependence on Vc as |Vc| → 0. A comparison with
the theory of inter-edge Laughlin quasiparticle tunneling
developed by Fendley etal.17 suggests strongly that the
constriction transmission is governed by the local filling-
factor of the Hall fluid in the constriction, even though
this region is likely to be small in extent. This is unex-
pected for the case of the bulk being in an integer quan-
tum Hall state6 where edge transport is understood in
terms of noninteracting electron charge carriers.
(iii) A particularly intriguing observation is that of the
evolution of the constriction transmission t(Vc) at very
low temperatures (e.g., 50mK) as the split-gate voltage
Vg is varied in the limit of vanishing inter-edge bias Vc.
While t(Vc) shows a zero-bias minimum at sufficiently
large Vg, decreasing Vg leads to a bias-independent trans-
mission at a particular value of Vg and then to an en-
hanced zero-bias transmission for yet lower values of Vg.
The same behaviour of the zero-bias transmission is also
observed by holding the gate-voltage Vg fixed and lower-
ing the temperature from 700mK to 50mK. For the case
of ν1 = 1, the bias-independent transmission is observed
at a value of t∗ = 1/2 6 while for ν1 = 1/3, it is observed
at t∗ = 3/4 7,8. A similar enhancement of the zero-bias
transmission at sufficiently weak gate-voltages was also
reported for the case of bulk filling-fractions ν1 = 2/5 and
3/78. The bias-independence as well as the enhancement
of the transmission t(Vc) is quite unexpected from the
viewpoint of the theoretical framework of edge tunneling
described earlier.
(iv) The constriction transmission for a bulk ν = 2 sys-
tem displayed two dip-to-peak evolutions, with bias inde-
pendent behaviours observed at t∗ = 1/4, 1/2 and 3/4 6.
This appears to indicate the independent effects of the
two edge modes in the ν = 2 system.
(v) Varying considerably the size and shape of the metal-
lic gates (which form the constriction region) did not ap-
pear to affect the dip-to-peak nature of the evolution of
the constriction transmission with the strength of the
gate voltage 10.
Let us now consider the probable effects of a split-gate
voltage constriction. Clearly, other than promoting the
tunneling of quasiparticles between oppositely directed
edges (due simply to enhanced wavefunction overlap due
to the proximity of the edges), the more noteworthy effect
is likely to be the creation of a smooth and long constric-
tion potential, which depletes the local electronic density
(and hence lowers the local filling factor) locally from
its value in the bulk. Indeed, this led Roddaro and co-
workers6 to conjecture on the possibility of a small region
in the neighbourhood of the constriction with a reduced
filling factor (ν2 < ν1) as the cause of their puzzling re-
sults (see fig.(2)). This conjecture, however, remained
unsubstantiated by the formal analysis of a concrete the-
oretical model. Thus, their explanations for the ν = 1
system remained suggestive at best and no attempts at
unifying the observations at both integer and fractional
values of ν were made. Thus, the pressing questions that
remain to be answered are as follows. What drives the
gate-voltage tuned insulator-metal transition at vanish-
ing edge-bias in the constriction system (as evidenced by
the dip-to-peak evolution with decreasing strength of the
gate voltage)? Can purely local interedge quasiparticle
tunneling processes, which need an interplay of impu-
4rity scattering and electronic correlations 11, be the sole
cause? Is there a symmetry governing the edge-bias in-
dependent response of the constriction transmission at a
critical value of the constriction filling factor (as seen by
tuning the gate voltage)? If the system is indeed critical
at this point, what does its gapless theory look like?
At the same time, earlier theoretical efforts27,28,29 were
unable to provide any simple explanations of these ex-
perimental observations. Most notably, the scenario pro-
posed in ref.27 involved the complications of stripe states
arising from longer range interactions. However, it failed
to present any mechanism in explaining the evolution of
g with VG. The same is also true of proposals of line
junctions28 as well as the effects of inter-edge interactions
on quasiparticle tunneling29. Thus, keeping in mind that
the theory of refs.11,17 matches the experiments in only a
very restricted parameter regime, the lack of a clear the-
oretical understanding remained an important problem
to be addressed. The creation of a model with an effort
towards explaining the puzzles was, therefore, the main
motivation of an earlier work 26. In what follows, this
model is first formulated and then analysed in detail.
B. Landauer-Buttiker analysis of transport
Inspired by these experimental findings, we build, in
the remainder of this section, a simple phenomenological
model of a FQH split-gate constriction with a reduced
local filling-fraction. In this way, we aim to provide a
qualitative understanding of some of the observations
discussed above. Furthermore, certain elements of this
simple model will then be employed as input parameters
in a more sophisticated theory involving bosonic edge
excitations in subsequent sections in providing explana-
tions of some of the other, more puzzling, experimental
results. The analysis of this model will be carried out in
two ways. The first will involve an explicit calculation of
the various Landauer-Buttiker conductances of the mea-
surement geometry. In the second analysis, we will show
how the results of the explicit calculation can be derived
more simply by making two assumptions of the system
at hand.
We begin by performing a Landauer-Buttiker analysis
of the edge circuit 30. This is shown below in Fig.(3).
The central feature of our model is the region of lowered
filling factor (ν2) assumed to be created by the split gate
constriction gates. Let us now estimate the spatial ex-
tent, Lcon, of the ν2 region. This can be done by noting
that the transport data taken at a temperature of 50mK
does not appear to show any interference effects aris-
ing from coherence across the entire constriction6. Thus,
Lcon can be safely assumed to be longer than the thermal
length LT = hv/kBT (where v is the edge velocity). For
a typical v = 103ms−1 31 and T = 50mK, LT ∼ 1µm.
Clearly, Lcon(> 1µm) >> magnetic length lB(∼ 100A˚),
justifying our assumption of the mesoscopic nature of the
ν2 region.
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FIG. 3: A schematic diagram of a QH bar constriction circuit
with the filling factors of the bulk and constriction regions
being ν1 and ν2 respectively. The numbers 1 to 6 signify the
various current and voltage terminals. The current I is sent
into the circuit at terminal 1 by the current source, while the
current transmitted through (Itr) and the current backscat-
tered from (Tref ) the constriction are received at terminals 3
and 2 respectively. The external magnetic field points out of
the plane of the paper.
In a Landauer-Buttiker analysis 32, the net currents
flowing in the various arms are assumed to satisfy lin-
ear relations with the applied voltages (valid for small
values of the voltages), with the proportionality factors
being the various transmission coefficients for the quan-
tum system. Solving the various linear relations between
the currents and voltages gives us the various conduc-
tances of the system. It is helpful to use the fact that
the net current for voltage probes is zero, and that we
have the freedom to set the voltage of one of the termi-
nals to zero (as currents are related to applied voltage
differences). Thus, in Fig.(3), we set V4 = 0, and since
terminals 4, 5 and 6 are voltage probes, I4 = 0 = I5 = I6.
When put together with the fact that terminals 2 and 3
are grounded, i.e., V2 = 0 = V3, this allows us to exclude
the current-voltage relation for terminal 4 altogether (i.e.,
remove one row from the transmission matrix linking the
currents and voltages). Thus, we can write the current-
voltage relations in matrix form as
I = T¯ V (2)
where the current and voltage column vectors are I =
(I1, I2, I3, I5, I6) and V = (V1, V2, V3, V5, V6) respectively
and the T¯ transmission matrix is given by
T¯ =


ν1 −ν1 0 0 0
0 ν1 −ν2 0 −νref
0 0 ν1 −ν1 0
0 0 −νref ν1 −ν2
−ν1 0 0 0 ν1

 ,
where νref is the transmission coefficient for the current
backscattered from the constriction. We now solve these
linear relations. Measuring all voltages with respect to
terminal 4 (which we have set to zero), we can see that
5as I6 = 0, we find V6 = V1. Further, from I5 = 0, we get
V5 =
ν2
ν1
V6 =
ν2
ν1
V1 . (3)
The current leaving the circuit at terminal 3 is given by
I3 = −Itr = −ν1V5 (where Itr is the current transmit-
ted through the constriction region from terminal 6 to
terminal 5). This gives us
Itr = ν1
ν2
ν1
V1 = ν2V1 . (4)
In a similar manner, we can compute the current leaving
the circuit at terminal 2 (which, with terminal 3 being
grounded, consists entirely of the current backscattered
from the constriction) as I2 = −Iref = −νrefV6. Then,
from overall current conservation in our circuit, the total
injected current is given by I1 = ν1V1 = Itr+ Iref , which
gives us
Iref = (ν1 − ν2)V1 . (5)
This leads us to νref = ν1 − ν2. This expression for νref
can also be found very simply by noting that the con-
straint of unitarity for the transmission matrix means
that the sum of the elements in every row (or every col-
umn) must add up to zero 32. We can now also compute
the conductance (in units of e2/h) due to the current
backscattered from the constriction as
Gback =
Iref
V1
= ν1 − ν2 . (6)
This also gives us the “background” value of the resis-
tance drop across the constriction as
RBG =
V6 − V5
I1 − I5 =
Gback
ν21
. (7)
Having carried out the Landauer-Buttiker analysis, we
now show how all of the results obtained therein can be
rederived through a simple analysis of the circuit which
relies on essentially two assumptions on the nature of the
system at hand and the conservation of current 26. This
will allow us to reflect on the simplicity and efficiency
of the assumptions. Thus, let us begin by stating the
assumptions made and show how they lead in a straight-
forward way to simple relations for several physical quan-
tities measured in the experiment. These are:
(i) the voltage bias between the two edges of the sample
(i.e., the Hall voltage for the system being in a quantum
Hall state) is not affected by the local application of a
gate-voltage at a constriction as long as the bulk of the
system is in an incompressible quantum Hall state with
filling-fraction ν1,
(ii) the two-terminal conductance measured across the
constriction is determined by the current transmitted
through it, which in turn is governed by the filling-
fraction of the Hall fluid in the constriction, ν2. This
needs the breakup of the current coming towards the con-
striction to take place at the boundary and constriction
Hall fluid regions (which is sufficiently far away from the
center of the constriction region).
Thus, by denoting the current injected into the system
from the source terminal as I, we know that I = GbV63
where Gb = ν1e
2/h is the bulk Hall conductance and
V63 is the edge-bias. From assumption (ii), denoting the
current transmitted through the constriction as Itr, it is
clear that Itr = GcV63, where Gc = ν2e
2/h is the two-
terminal conductance measured across the constriction.
Putting these two relations together using assumption
(i), we obtain the transmitted current Itr in terms of the
incoming current I as
Itr =
Gc
Gb
I =
ν2
ν1
I . (8)
Thus, we see that our assumptions give us a very simple
relation for the the splitting-ratio γ for the currents at
the constriction (which is simply related to the transmis-
sion coefficient of the constriction discussed above for no
inter-edge tunneling) as being γ = ν2/ν1. Now, from Kir-
choff’s law for current conservation, we get the current
reflected at the constriction Iref = I−Itr = (1−ν2/ν1)I.
This then gives the minimum value of the backscattering
conductance as
Gback = Iref/V63 = (1− ν2/ν1)Gb = (ν1 − ν2)e
2
h
. (9)
Gback is simply related to the reflection coefficient of the
constriction for no inter-edge tunneling, and shows that
the effective filling fraction governing Gback is νref =
ν1−ν2. Now, with the current at terminal 5, I5, being the
transmitted current Itr, we get I5 = GbV5 = Itr = GcV6
(since V3 = 0), giving V5 = (Gc/Gb)V6. We then find the
“background” value of the longitudinal resistance drop
across the constriction to be
RBG =
V6 − V5
I1 − I5 = (1−
ν2
ν1
)G−1b (10)
which arises from the partial reflection and transmission
of the incoming edge current due to the mismatch of
the filling-fraction in the bulk and constriction regions.
The experimentally obtained value for RBG is, in fact,
used by the authors of Refs.6,7 to determine the value of
the constriction filling-factor ν2 from eq.(10). Further,
we can see that Gback and RBG are simply related by
Gback = G2bR
BG. More generally, the differential longi-
tudinal drop across the constriction dV65/dI is related
to (and also experimentally determined in7) the differen-
tial backscattering conductance dIref/dV63 by the simple
relation, as seen earlier
dIref
dV63
= G2b
dV65
dI
. (11)
Further, we also check that the Hall conductances mea-
sured on the two sides of the constriction are determined
by ν1 alone
Itr
V53
= Gb =
I
V62
. (12)
6Thus, we see that by allowing for the constriction re-
gion to have a reduced filling-fraction (ν2) than that of
the bulk (ν1) and making the two assumptions stated
above, we are able (i) to find a simple expression for the
splitting-ratio γ of the current incident on the constric-
tion (or, the zeroth constriction transmission coefficient)
as well as (ii) find an expression for the longitudinal re-
sistance drop across the constriction which arises from
the breakup of the current.
At the heart of these results lies the fact that a con-
striction region with a reduced filling-fraction necessi-
tates the transfer of charge from the incoming edge to
the opposite outgoing edge via the incompressible bulk.
Put another way, it becomes imperative to consider the
non-conservation of edge current in studying transport
across such a constriction. This is characterised by the
presence of a current reflected at the boundary of the
bulk and constriction regions in the model setup above.
While charge dissipation away from the edge can be mod-
eled in terms of quasiparticle tunneling at multiple point-
contact junctions23,33, such a mechanism appears to be
incompatible with the experimental finding of an edge
bias-independent current reflected from the constriction
region. The existence of a narrow gapless region of Hall
fluid lying in between the incompressible bulk and con-
striction Hall fluid regions may well provide an answer:
such a gapless region would act as a channel for the cur-
rent reflected from the constriction region. It is, there-
fore, tempting to speculate on the possibility of a non-
perturbative physical mechanism34 of a chiral Tomonaga-
Luttinger liquid undergoing charge dissipation along a
short stretch of its length while in contact with a bath
(the gapless region) as being the microscopic origin for
the phenomenological model described above.
While there are ways of studying the electrostatic ef-
fects of a gate-voltage controlled constriction on the in-
compressible quantum Hall fluid22,27, we have instead
chosen a particularly simple and tractable path for mod-
eling the edge structure which involves very few details
pertaining to the bulk. The electrostatic calculations
of Ref.27 explore the possibility of edge reconstruction
within the constriction region, i.e., long-range interac-
tions between electrons in the quantum Hall ground state
giving rise to a set of compressible and incompressible
stripes at the edge35. In this work, however, we consider
only short ranged electron correlations, which cause the
formation of the chiral TLL state without any interven-
ing stripe states2. Further, we neglect the possibility
of the formation of line-junction nonchiral TLLs across
the vacuum regions in the shadow areas of the metallic
gates28, focusing instead on the transmitted and reflected
edge states arising from the nature of the Hall fluid in-
side the constriction. Thus, we devote our attention to
short-ranged electronic correlations which cause the for-
mation of chiral Tomonaga-Luttinger liquid (TLL) edge
states (without the intervention of any stripe states 27
arising from longer range interactions).
As we will see in the following sections, such a model of
a constriction in a quantum Hall sample allows for con-
siderable progress to be made in developing a (quadratic)
effective field theory for the ballistic transport of current
in terms of propagating chiral edge density-wave excita-
tions. Interesting consequences for quasiparticle tunnel-
ing will then be shown to result from the exponentia-
tion of these quadratic fields, in particular, giving rise to
the competition between two RG relevant quasiparticle
tunneling operators which determine the fate of the low-
bias transmission and reflection conductances through
the constriction. In this way, we will show how our model
is able to provide a qualitative understanding of the puz-
zling findings of the experiments mentioned above in a
unified manner. While it appears difficult at first to for-
mulate a continuum model describing a scenario of inter-
mediate ballistic transmission of current through such a
constriction by a quadratic bosonic field theory similar to
that of Wen2, we find that considerable progress can be
made by understanding the role of matching (or bound-
ary) conditions in such a theory. In this way, we are able
to set up in the following section a very general Hamil-
tonian, as well as action, formalism describing transport
through such a constriction system.
III. CONTINUUM THEORY FOR THE
CONSTRICTION SYSTEM
In this section, we develop a continuum theory for the
model of the constriction system presented above. How-
ever, for the sake of clarity and continuity, we begin by
presenting the basic ingredients of Wen’s continuum the-
ory for the infinitely long chiral-Tomonaga Luttinger liq-
uid 2.
A. Continuum theory for infinite chiral TLL
Wen’s hydrodynamic formulation describes the excita-
tions of such a system in terms of chiral bosonic den-
sity wave modes. The Hamiltonian (and the action) is
quadratic in the bosonic field φ(x, τ) (where τ is the Eu-
clidean time) and has two parameters: the edge velocity v
and the filling fraction ν. This is shown below in Fig.(4).
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FIG. 4: A schematic diagram for the infinitely long right-
moving quantum Hall edge state. The edge displacement is
given by the bosonic field φ(x, τ ) while the edge density and
current are given by ρ(x, τ ) ∼ ∂xφ and j(x, τ ) ∼ ∂τφ respec-
tively.
The energy cost for density distortions of the edge of
7the quantum Hall system were shown by Wen to lead to
a Hamiltonian (for, say, the right-moving edge of a Hall
bar)
H =
v
4piν
∫ ∞
−∞
dx(∂xφR(x, τ))
2 . (13)
The equal-time (Kac-Moody) commutation relation for
the bosonic field φR is given by
[φR(x), ∂xφR(x
′)] = ipiνδ(x − x′) , (14)
which makes ∂xφR the momentum canonically conjugate
to φR. The edge density distortion is given by ρ(x) =
∂xφR(x)/(2pi) and the Hamilton equation of motion gives
i∂τρR = i[H, ρR] = −v∂xρR(x, τ) . (15)
This gives us that the density ρR(x, τ) = ρR(x + ivτ).
Further, from the equation of continuity
i∂τρ+ ∂xj = 0 , (16)
we find the current density as jR = −i∂τφR/(2pi).
Fourier transforming the equation of motion gives us the
expected linear dispersion relation for the edge density
waves as ω = vk. From the commutation relations, we
obtain the Legendre transformation for the Hamiltonian
H(φR). This leads to the Euclidean action for the chiral
(right moving) TLL as
SR =
1
4piν
∫ β
0
dτ
∫ ∞
−∞
dx∂xφR(i∂τ+v∂x)φR(x, τ) . (17)
The Hamiltonian for the left-moving edge density wave
is the same as that given above by for φR → φL, but
the density ρL = −∂xφL/(2pi). As the equal-time com-
mutation relation [φL(x), ∂xφL(x
′)] = −ipiνδ(x−x′), the
action for the left moving edge chiral TLL has a Legendre
transformation term −i∂τφL∂xφL.
B. Continuum theory for the constriction edge
model
We now formulate a continuum theory for the constric-
tion edge model discussed in section II along the lines of
the Wen hydrodynamic description described just above.
The aim will, therefore, be to develop a quadratic theory
in bosonic fields in an edge model consisting of chiral,
current carrying gapless edge-density wave excitations
describing ballistic transport through the transmitting
and reflecting edges states surrounding the constriction
region. This is shown in Fig.(5) below. As discussed
earlier, such a model is critically needed in order to de-
scribe the experimentally observed scenario of intermedi-
ate ballistic transmission through the constriction 6. We
take the spatial extent of the constriction region 2a to
lie in the range lB << 2a << L, where L is the total
system size and lB is the magnetic length; the external
PSfrag replacements
1, in 1, out
2, in2, out
u
r
d
l ν2 ν1ν1
(x ∼ 0)
FIG. 5: A schematic diagram of the “constriction” system
given by the dashed box around the region x ∼ 0 and sym-
bolised by the filling fraction ν2 lower than that of the bulk,
ν1. The four chiral fields approaching and leaving this region
are shown by the arrows marked as 1, in, 1, out, 2, in and
2, out. The dashed horizontal and vertical lines at the junc-
tion represent the edge states which are transmitted (u, d)
and reflected (l, r) at the constriction respectively.
arms (1in, . . . , 2out) meet the internal ones (u, . . . , l) at
the four corners of the constriction. From our earlier
discussions, it is also evident that ν1 governs the prop-
erties of the four outer arms while ν2 that of the upper
and lower (transmitted) arms of the circuit at the con-
striction. The effective filling factor for the right and
left (reflected) arms of the circuit (νref ) is treated as a
parameter to be determined. We focus in this work on
the effects of a changing filling fraction, keeping the edge
velocity v the same everywhere.
We will now set forth the Hamiltonian formulation of
the model. This approach will elucidate the importance
of matching (or boundary) conditions in providing a cor-
rect and consistent description of the dynamics of the
system26. We will follow this up by providing the more
elegant formulation of the problem based on the action,
showing how the information content of the boundary
terms is already included in this language.
1. Hamiltonian formulation and matching conditions
The energy cost for chiral density-wave excitations that
describe ballistic transport in the various arms of the
circuit shown in fig.(5) is given by a Hamiltonian H =
Hext +Hint where
Hext =
piv
ν1
[
∫ −a
−L
dx (ρ21in + ρ
2
2out) +
∫ L
a
dx (ρ22in + ρ
2
1out)] ,
Hint =
piv
ν2
∫ a
−a
dx (ρ2u + ρ
2
d) +
piv
νref
∫ a
−a
dy (ρ2r + ρ
2
l ) .(18)
8The densities ρ are, as usual, represented in terms of
bosonic fields φ describing the edge displacement2
ρ1in = 1/2pi∂xφ
1in, ρ1out = 1/2pi∂xφ
1out
ρ2in = −1/2pi∂xφ2in, ρ2out = −1/2pi∂xφ2out
ρu = 1/2pi∂xφ
u, ρd = −1/2pi∂xφd
ρl = 1/2pi∂yφ
l, ρr = −1/2pi∂yφr . (19)
The commutation relations satisfied by these fields are
familiar
[φ1in(x), ∂xφ
1in(x′)] = ipiν1δ(x− x′)
= −[φ2out(x), ∂xφ2out(x′)],
[φ1out(x), ∂xφ
1out(x′)] = ipiν1δ(x− x′)
= −[φ2in(x), ∂xφ2in(x′)],
[φu(x), ∂xφ
u(x′)] = ipiν2δ(x − x′)
= −[φd(x), ∂xφd(x′)],
[φl(y), ∂yφ
l(y′)] = ipiνrefδ(y − y′)
= −[φr(y), ∂yφr(y′)] . (20)
Further, the Hamiltonian equations of motion derived
from H again describe the ballistic transport of chiral
edge density waves
(∂t − v∂x)ρ1in(x, t) = 0 = (∂t − v∂x)ρ1out(x, t)
(∂t + v∂x)ρ
2in(x, t) = 0 = (∂t + v∂x)ρ
2out(x, t)
(∂t − v∂x)ρu(x, t) = 0 = (∂t + v∂x)ρd(x, t)
(∂t − v∂y)ρl(y, t) = 0 = (∂t + v∂y)ρr(y, t) . (21)
TheH given above, however, needs to be supplemented
with matching conditions at the corners of the constric-
tion for a complete description. From the form of H , it is
clear that we need two matching conditions at each cor-
ner; a reasonable choice is one defined on the fields and
one on their spatial derivatives. We choose, for instance,
at the top-left corner
φ1in(x = −a) = φu(x = −a) + φl(y = −a)
∂xφ
1in(x = −a) = ∂xφu(x = −a) + ∂yφl(y = −a)(22)
where x and y are the spatial coordinates describing the
(1in, u) and l arms respectively. Similarly, we choose the
following matching conditions at the other three corners
as
φ1out(x = a) = φu(x = a) + φr(y = −a)
∂xφ
1out(x = a) = ∂xφ
u(x = a) + ∂yφ
r(y = −a)
φ2in(x = a) = φd(x = a) + φr(y = a)
∂xφ
2in(x = a) = ∂xφ
d(x = a) + ∂yφ
r(y = a)
φ2out(x = −a) = φd(x = −a) + φl(y = a)
∂xφ
2out(x = −a) = ∂xφd(x = −a) + ∂yφl(y = a) .(23)
The equation of continuity leads to the familiar form
for the current operator jα = −i∂τφα/(2pi), where α =
(1in, 1out, . . . , l, r). Thus, we can easily see that cur-
rent conservation at every corner arises from the match-
ing conditions on the bosonic fields φ. While the trans-
mitting chiral edge modes convey a finite current across
the constriction, the reflecting chiral edge modes convey
a finite “backscattered” current across the sample. In
this way, we formally establish the intermediate ballis-
tic transmission scenario as observed in the experiments.
Charge density fluctuations at each corner are described
by the matching conditions on ∂xφ. This matching con-
dition is a statement of the conservation of net charge
density at each corner. In this way, the two sets of match-
ing conditions together establish the continuity of current
and charge density at every corner of the junction system.
Using eqs.(22), we compute the commutation relation
[φl, ∂yφ
l]y→−a = ([φ
1in, ∂xφ
1in]− [φu, ∂xφu])x→−a ,
(24)
giving us νref = ν1 − ν2. The commutation relation for
φr(y → a) similarly yields νref = ν1 − ν2 once again.
This is in conformity with our result for νref from the
Landauer-Buttiker calculation. We now demonstrate ex-
plicitly that the cases of a perfect Hall bar (ν2 = ν1)
and two Hall bubbles separated by vacuum (ν2 = 0)
can be modeled as special limiting cases of the match-
ing conditions (eqs.(22)) given earlier. For ν1 = ν2, the
commutation relation of the reflecting edge states van-
ishes, killing its dynamics. This can also be understood
within a hydrodynamic prescription2, where a vanishing
effective filling factor (the amplitude of the Kac-Moody
commutation relation, eq.(20)) leads to a diverging en-
ergy cost for edge charge density fluctuations; the dy-
namics of the bosonic field characterising such fluctua-
tions is thus completely damped. Thus, the reflecting
edge states carry no current, while the transmitting edge
states perfectly transmit all incoming current into the
outgoing arms on the opposite side of the constriction.
The matching conditions eqs.(22) at the four corners are
then reduced to
φ1,in(x = −a) = φu(x = −a) , φu(a) = φ1out(x = a),
φ2,in(x = a) = φd(x = a) , φd(−a) = φ2out(x = −a),
∂xφ
1,in(−a) = ∂xφu(−a) , ∂xφu(a) = ∂xφ1out(a),
∂xφ
2,in(a) = ∂xφ
d(a) , ∂xφ
d(−a) = ∂xφ2out(−a).(25)
These identifications of the fields and their spatial deriva-
tives lead to the continuity conditions which underpin
the hydrodynamic theory of Wen2,11 for the case of the
two infinite chiral edges (say, upper and lower) of a Hall
bar (with filling factor ν1), and eq.(20) then reproduces
the well-known Kac-Moody commutation relation every-
where along the edges. This is shown in Fig.(6) below.
Similarly, for the case of ν2 = 0, the commutation
relation for the transmitting edge states vanishes, killing
its dynamics: they carry no current, while the reflecting
9FIG. 6: A schematic diagram of the quantum Hall bar system
with a “constriction” which promotes quasiparticle tunneling
between two points on oppositely directed edges of the system
(dashed line). The upper and lower edges are continuous ev-
erywhere and therefore have boundary conditions on the field
φ and its spatial derivative ∂xφ as given above in equns.(25).
edge states perfectly convey all incoming current into the
outgoing arms on the same side of the constriction. Thus,
the matching conditions eqs.(22) at the four corners are
reduced to
φ1,in(x = −a) = φl(y = −a) , φl(a) = φ2out(x = −a),
φ2,in(x = a) = φr(y = a) , φr(−a) = φ1out(x = a),
∂xφ
1,in(−a) = ∂yφl(−a) , ∂yφl(a) = ∂xφ2out(−a),
∂xφ
2,in(a) = ∂yφ
r(a) , ∂yφ
r(−a) = ∂xφ1out(a).(26)
Again, these identifications of the fields and their spa-
tial derivatives lead to the continuity conditions which
underpin the hydrodynamic theory of Wen2,11 for the
case of the infinite chiral edges (say, left and right) of
two distinct Hall bubbles (each with filling factor ν1)
separated by vacuum, and again reproduce the familiar
Kac-Moody commutation relations everywhere along the
edges. This is shown in Fig.(6) below. We have, in this
FIG. 7: A schematic diagram of a system of two quantum
Hall droplets separated by vacuum and with a “constriction”
which promotes electron tunneling between two points on ad-
jacent (and oppositely directed) edges of the system (dashed
line). The right and left edges are continuous everywhere
and therefore have boundary conditions on the field φ and its
spatial derivative ∂xφ as given above in equns.(26).
way, constructed a family of free theories describing bal-
listic transport through the constriction at intermediate
transmission, with those of complete transmission and
reflection representing two special cases. This represents
an importance advance in generalising the quantum im-
purity model of refs.11,17.
2. Action formulation
In this subsection, we discuss the action (or La-
grangian) formulation of our problem. We will, in this
way, demonstrate how the information content of the
matching conditions above is already encoded in the
action of the system in the forms of terms involving
the local fields which are connected to one another by
the matching conditions in the Hamiltonian formalism.
Thus, we begin by writing down the action for the con-
striction model
S = S0 + S1 + S2 (27)
where the action for the outer incoming and outgoing
arms is
S0 =
∫ β
0
dτ
∫ −a
−∞
dx{L0[φ1,ini ] + L1[φ2,outi ]}
+
∫ β
0
dτ
∫ ∞
a
dx{L0[φ1,outi ] + L1[φ2,ini ]} (28)
where
L0[φα] = 1
4pi
∂xφ
α(i∂τ + v∂x)φ
α(x, τ) ,
L1[φα] = 1
4pi
∂xφ
α(−i∂τ + v∂x)φα(x, τ) , (29)
and we have normalised the entire action with regards to
the bulk filling-fraction ν1. Further, the action for the
inner edges is
S1 =
∫ β
0
∫ a
−a
[
f
4pi
∂xφ
u(i∂τ + v∂x)φ
u(x, τ)
+
f
4pi
∂xφ
d(−i∂τ + v∂x)φd(x, τ)
+
g
4pi
∂yφ
l(i∂τ + v∂y)φ
l(y, τ)
+
g
4pi
∂yφ
r(−i∂τ + v∂y)φr(y, τ)] , (30)
where, by assuming that the properties of the upper and
lower edge transmitted edge states of the constriction are
determined by the effective filling-fraction inside the con-
striction ν2, the quantity f is simply given by f = ν1/ν2.
The quantity g = ν1/νref (where νref is the effective
filling-fraction for the reflected edge states on the left and
right) will be determined from the analysis presently. It is
worth noting that the same information can be obtained
from the Hamiltonians (equns.(18)) and commutation re-
lations (equns.(20))together. Finally, the action for the
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corner nodes is given by
S2 = −
∫ β
0
dτ
∫ a
−a
dx
∫ a
−a
dy
[δ(x + a)δ(y + a)∂xφ
1in{(v∂xφu + ∂yφl) + i∂τ (φu + φl)}
+δ(x− a)δ(y + a)∂xφ1out{(v∂xφu + ∂yφr) + i∂τ (φu + φr)}
+δ(x− a)δ(y − a)∂xφ2in{(v∂xφd + ∂yφr)− i∂τ (φd + φr)}
+δ(x+ a)δ(y − a)∂xφ2out{(v∂xφd + ∂yφl)− i∂τ (φd + φl)}] .(31)
We can now see the effects of these local terms in the
action by computing the equations of motion for the var-
ious fields from the action. For the sake of brevity, we
carry out this exercise at only the upper-left corner. The
results obtained from the other three corners are pre-
cisely the same. Thus, we first compute the equation of
motion of the “outer” field φ1in(x = −a) by extremising
the action S with regards to ∂xφ
1in(x = −a)
δS
δ(∂xφ1in−a )
= v(∂xφ
1in − ∂xφu − ∂yφl)
+i∂τ (φ
1in − φu − φl) = 0 (32)
where we have suppressed the dependences of the fields
on the spatial coordinates for the sake of compactness.
From this, we can immediately see the matching condi-
tions on φ and ∂xφ at (x = −a, y = −a) given earlier.
We now compute the other two equations of motion at
the top left corner in the same way. We find, thus,
δS
δ(∂xφu−a)
= v(f∂xφ
u − ∂xφ1in)
+i∂τ (fφ
u − φ1in) = 0
δS
δ(∂yφl−a)
= v(g∂yφ
l − ∂xφ1in)
+i∂τ (gφ
l − φ1in) = 0 , (33)
from which we can see that the currents ju(x = −a) and
jl(y = −a) are given by
ju(x = −a) = −i∂τ (φu + φ
1in
f
)
= v(φu − φ
1in
f
) ≡ vρu(x = −a)
jl(y = −a) = i∂τ (φl + φ
1in
g
)
= v(φl − φ
1in
g
) ≡ vρl(y = −a) . (34)
In the above relations, the currents (ju, jl) and corre-
sponding densities (ρu, ρl) are those propagated from the
incoming arm 1in into the u(pper) and l(eft) edge states
respectively. Now, by applying Kirchoff’s law for the
conservation of current (or, more generally, the equa-
tion of continuity) at the upper left corner junction,
j1in(x = −a) = ju(x = −a) + jl(y = −a), we obtain
1
f
+
1
g
= 1 , (35)
which for f = ν1/ν2 gives g = ν1/(ν1 − ν2). This, then,
gives us the effective filling-fraction of the reflected edge
states as νref = ν1− ν2. In this way, we can see that the
action S contains all the information content given by
the Hamiltonians together with the matching conditions.
IV. BOUNDARY THEORY FOR THE
CONSTRICTION SYSTEM
In this section, we evaluate the role played by local
inter-edge quasiparticle tunneling processes deep inside
the constriction region in determining the fate of trans-
port through the constriction. In order to do so, we
proceed by first integrating out all bosonic degrees of
freedom except the few involved in the tunneling pro-
cesses. In this way, we are left with an effective bound-
ary theory 11. Given that we have a Gaussian action
in terms of the bosonic fields, integrating out various
bosonic degrees of freedom can be easily accomplished by
performing Gaussian integrations 1,13. (another analo-
gous method involves using the solutions to the equations
of motion 11,36). As this is a very standard procedure, we
refer the reader to Refs.(1,13) for details. We pass instead
to presenting the various boundary theories obtained in
our model, revealing in turn the two interedge quasipar-
ticle tunneling processes which compete in determining
the low energy dynamics of the system.
Now, as long as there is no quantum coherence across
the constriction region, it is easily seen that the prob-
lem of weak, local quasiparticle tunneling between the
upper (u) and lower (it d) edges deep inside the con-
striction region (at, say, x = 0) is exactly the same as
that of local quasiparticle tunneling between the oppo-
sitely directed edges of a homogeneous quantum Hall bar
with filling fraction ν2
11. Importantly, the charge and
statistics of the quasiparticles undergoing such tunneling
processes should be governed by the local filling fraction
ν2 alone. Thus, in the action formalism presented ear-
lier, such a quasiparticle tunneling process can be added
to the action S by the term λ1 cos(
√
ν1(φ
u(0)−φd(0))) ≡
λ1 cos(φ
ud(0)), where the tunnel coupling strength is
given by λ1. Integrating out all bosonic degrees of free-
dom but φud(x = 0), we obtain the familiar Kane-Fisher
type boundary theory 11
Sud =
∑
ω¯n
|ω¯n|
2piν2
|φudω¯n(x = 0)|2+
∫
dτλ1 cos(φ
ud(x = 0, τ)).
(36)
Applying a standard RG procedure, we find the RG equa-
tion for λ1 as
dλ1
dl
= (1− ν2)λ1 . (37)
As ν2 < 1, the coupling λ1 is found to be RG relevant
and will grow under the flow to low energies/long length-
scales. Further, this quasiparticle tunneling process will
clearly lower the transmission conductance across the
11
constriction g1in,1out (for a source-drain bias as shown
in Fig.(2)).
We have, however, at least one other local quasiparti-
cle tunneling process to account for: it is that between
the left (l) and right (r) edges of the constriction and is
revealed by the generalised quasiparticle-quasihole sym-
metry of the ground-state in the lowest Landau level
(LLL)26,37. This symmetry dictates that all properties
of a quantum Hall system composed of quasiparticles in
a partially filled lowest Landau level and with a filling
factor νqp can be equivalently described by those of a
quantum Hall system composed of quasiholes and with a
filling factor νqh = 1− νqp. This simple relation between
νqp and νqh can be derived easily for the case of the filling
factor (and, hence, electronic density) of the quantum
Hall system deviating from a filling factor of ν0 = 1/q
(where q = 2n+1 ∈ Z) 35. To see this, first note that by
increasing the electronic density of the system, we add q
quasiparticles for each electron added. Then, for n0 be-
ing the original electronic density, ne the new increased
electronic density and nqp the density of quasiparticles,
ne = n0 +
nqp
q
=
ν0
2pil2B
+
ν0νqp
2pil2B
, (38)
where lB is the magnetic length and we have used n0 =
ν0/(2pil
2
B). This gives us the quasiparticle filling factor
νqp as
νqp =
νe
ν0
, (39)
where νe = 2pil
2
Bne is the electronic filling factor. A sim-
ilar calculation for the case of an equally lowered value
of the electronic density ne can also be carried out. We
must now remember that we add q quasiholes to the sys-
tem for every electron removed. Then, by following the
same line of arguments, we get the quasihole filling factor
νqh as
νqh = 1− νe
ν0
= 1− νqp . (40)
Thus, we can see that νqp and νqh are related by a
quasiparticle-quasihole conjugation transformation. Fur-
ther, for the case of ν0 = 1, νqp = νe and νqh = νh =
1 − νe are the well-known electron and hole conjugation
symmetric filling factors with respect to the completely
filled lowest electronic Landau level 37.
The application of this symmetry to the constriction
model with a spatially dependent filling fraction relies on
(a) the fact that the fractional (integer) quantum Hall
ground state in the bulk of the system can be thought of
as the completely filled effective lowest Landau level of
quasiparticles (electrons), (b) that this state is protected
by an energy gap which is larger than all other energy
scales in the problem and (c) there is no Landau level
mixing. While the argument for a constriction circuit
with the bulk being in the integer quantum Hall state of
ν1 = 1 has been given in Ref.(
6), a generalisation for any
constriction circuit with a general bulk filling factor ν1 <
1 was presented in Ref.(26). The argument is recounted
below and encapsulated in Fig.(8).
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FIG. 8: The quasiparticle-quasihole (qp-qh) symmetry of the
(ν1, ν2) constriction geometry in terms of the relative filling
factor. The source-drain bias 2Vin is applied to the two in-
coming arms while ±Vout are the equilibration potentials of
the two outgoing arms. See text for a detailed description of
the transformations linking (a) to (d).
By scaling the filling factors of all regions by ν1, we now
have the effective filling factor of the bulk as 1 and that
of the quantum Hall ground state inside the constriction
region as the relative filling fraction f−1 = ν2/ν1. Car-
rying out the qparticle-qhole conjugation transformation,
we go to a system of holes (with the direction of the exter-
nal magnetic field unaffected) but with the relative filling
fraction of the constriction now given by g−1 = 1− f−1.
We can then map this system of qholes onto that of time-
reversed qparticles (i.e., qparticles in an oppositely di-
rected external magnetic field). Finally, by rotating the
system by 180o around the axis of the two outgoing cur-
rent directions, we are left with a system of electrons with
the external magnetic field pointing in the original direc-
tion. This final system is, however, crucially different in
two ways from the original one. First, the filling factor
of the fractional quantum Hall ground state inside the
constriction region has, as noted earlier, changed from
f−1 to g−1 = 1 − f−1. Second, the directions transmit-
ted and reflected currents has been interchanged in going
from the original system to the final one. It is easy to
show that current conservation dictates that6
If−1 + Ig−1 = 2ν1
e2
h
Vin , (41)
where If−1 and Ig−1 are the transmitted currents in the
original system and the final system after the mappings
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(i.e., the reflected current in the original system). Re-
lations can also be written down in terms of differen-
tial transmission t = dI/dV and reflection r (in units of
ν1e
2/h)
tf−1 = 1− tg−1 = rg−1
tg−1 = 1− tf−1 = rf−1 . (42)
This argument also clearly demonstrates that the lo-
cal tunneling process that transports these qholes be-
tween the left (l) and right (r) edges of the constric-
tion system is governed by the effective filling-fraction
of g−1 = 1− ν2/ν1. Thus, we denote such a local tunnel-
ing process (again, chosen at y = 0) on the l and r edges
by a weak tunnel coupling λ2 and a term in the action
S, λ2 cos(φ
l(0)−φr(0)) ≡ λ2 cos(φlr(0)). Integrating out
all bosonic degrees of freedom but φlr(y = 0), we obtain
the another Kane-Fisher type boundary theory 11
Slr =
∑
ω¯n
|ω¯n|
2pig
|φlrω¯n(y = 0)|2+
∫
dτλ2 cos(φ
lr(y = 0, τ)) .
(43)
Thus, we can see that the RG equation for the coupling
λ2 is given by
dλ2
dl
= (1− 1
g
)λ2
= (1− (1− ν2
ν1
))λ2 =
ν2
ν1
λ2 . (44)
As both (ν1, ν2) > 1 and ν2 < ν1, we can see that the
coupling λ2 is also RG relevant and will grow under the
flow to low energies/long lengthscales. Further, this tun-
neling process will increase the transmission conductance
g1in,1out.
Since we have two RG relevant boundary operator cou-
plings which affect the transmission conductance across
the constriction in opposite ways, we need to determine
the conditions under which one wins over the other. From
the scaling dimensions of the two operators (as employed
in their respective RG equations), we can see that the
two couplings grow equally fast for a critical ν∗2
ν∗2 =
ν1
1 + ν1
. (45)
For this critical ν∗2 , then, the transmission and reflec-
tion conductances will be held fixed by the generalised
qparticle-qhole symmetry all along the RG flow from
weak to strong coupling! For ν2 < ν
∗
2 , λ1 dominates over
λ2, which will lead to a minimum of the transmission
conductance (i.e., a maximum in the reflection conduc-
tance) at low energies (bias/temperature) given by the
bulk conductance ν1. The quantum Hall constriction sys-
tem will then resemble that of two quantum Hall droplets
separated by vacuum, shown in Fig.(7) above. Similarly,
for ν2 > ν
∗
2 , λ2 dominates over λ1 and will lead to the
opposite case of a maximum in the transmission conduc-
tance (i.e., a minimum in the reflection conductance) at
low energies (bias/temperature) given by the bulk con-
ductance ν1. The quantum Hall constriction system will
then resemble that of a single quantum Hall bar, shown
in Fig.(6) above. As was discussed in detail in an earlier
section, these were indeed many of the puzzling experi-
mental findings of Refs.6,7,8.
We can see that, for the critical value of ν∗2 predicted by
our theory, the symmetry-determined (i.e., energy scale
independent) constriction transmission conductance is
given by
t(ν∗2 ) =
g1in,1out(ν
∗
2 )
Gb
=
ν∗2
ν1
=
1
1 + ν1
= 1− ν∗2 . (46)
We now present the above results for the first three gen-
erations of the heirarchical sequence of quantum Hall
states.
(i) For the bulk filling-factor belonging to the primary
sequence ν1 = 1/(2p− 1), we obtain
ν∗2 =
1
2p
, t(ν∗2 ) =
2p− 1
2p
. (47)
Specifically, for ν1 = 1, we get ν
∗
2 = 1/2 = t(ν
∗
2 ) and for
ν1 = 1/3, we get ν
∗
2 = 1/4, t(ν
∗
2 ) = 3/4. Both these sets
of results match the experimental findings of Refs.6,7,8.
(ii)Further, we find that for the case of the second gener-
ation of the heirarchical states, ν1 = 2p/(2pq± 1) (where
p = 1,q = 3, 5, . . .), we find
ν∗2 =
2p
2p(1 + q)± 1 , t(ν
∗
2 ) =
2pq ± 1
2p(1 + q)± 1 . (48)
Specifically, for the case of ν1 = 2/5, ν
∗
2 = 2/7 and
t(ν∗2 ) = 5/7.
(iii) Extending these results to the third generation of
the heirarchical states, ν1 = 4p1p2/(q(4p1p2 ± 1) ± 2p2)
(where p1 = 1 = p2,q = 3, 5, . . .), we obtain
ν∗2 =
4p1p2 ± 1
((1 + q)(4p1p2 ± 1)± 2p2) ,
t(ν∗2 ) =
q(4p1p2 ± 1)± 2p2
(1 + q)(4p1p2 ± 1)± 2p2 . (49)
Specifically, for the case of ν1 = 3/7, ν
∗
2 = 3/10 and
t(ν∗2 ) = 7/10. The results presented for the cases of
ν1 = 2/5, 3/7 can be tested experimentally, and we will
comment on this in a later section.
Finally, we present the RG phase diagram of the model
in Fig.(9) given above. The origin represents the family of
weak-coupling fixed point theories at partial transmission
described earlier, while the RG flows are to the familiar
fixed point theories11,17 of complete reflection (ν2 < ν
∗
2 ,
see Fig.(7) given above), complete transmission (ν2 > ν
∗
2 ,
see Fig.(6) given above) and to a new symmetry dictated
fixed point theory on the diagonal (ν2 = ν
∗
2 ). The diag-
onal is, in fact, a separatrix – a line of gapless critical
theories all possessing the quasiparticle-quasihole sym-
metry described above – dividing RG flows to a metallic
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FIG. 9: The RG phase diagram for the model as a plot of the
function lnλ1/ lnλ2 = ν1(1/ν2 − 1). All RG flows lead away
from the weak-coupling unstable fixed point at the origin.
Properties of the dashed critical line and regions above (ν2 <
ν2∗) and below (ν2 > ν
∗
2 ) are explained in the text.
phase (as evidenced by the perfect transmission through
the constriction) and an insulating phase (as seen by the
perfect reflection at the constriction) at strong coupling.
The qparticle-qhole symmetry of the constriction system
can also be seen in the reflection symmetry of the RG
flows in the two segments on either side of the separa-
trix: in physical terms, this means that while the upper
(lower) segment represent RG flows towards a qparticle
insulator (metal), the picture is exactly reversed for a de-
scription in terms of qholes. This is also amply clear in
terms the comparison of the two scaling dimensions: this
analysis answers the question as to which of the qparticle
and qhole boundary degrees of freedom (given above in
the two boundary theories for qparticle and qhole tunnel-
ing respectively) becomes massive first, thereby allowing
the remaining gapless boundary degrees of freedom to
determine the low energy, long wavelength dynamics of
the quantum Hall constriction system at strong coupling.
Finally, this symmetry of the RG phase diagram is rem-
iniscent of the edge-state transmission duality38,39 that
is known to exist in the Chalker-Coddington model40 as
applied to the study of the quantum Hall transitions.
The novel structure of the RG phase diagram, thus, re-
flects on the fact that the experimentally observed gate-
voltage tuned metal-insulator transition (at vanishing
edge bias) is in fact shaped not only by boundary critical
phenomena (i.e., local interedge quasiparticle tunneling
processes, relying on an interplay of the physics of im-
purity scattering and electron electron interactions 11),
but also by the presence of a global symmetry (i.e., the
quasiparticle-quasihole conjugation symmetry) and the
requirement of overall current conservation in the sys-
tem. These findings highlight the novel generalisation of
the quantum impurity problem of refs.11,17 that has been
accomplished here. We can now proceed to a study of the
correlators and conductances of the system in the next
section, with an effort towards reinforcing the physical
picture presented by these RG flows.
V. CORRELATORS AND CONDUCTANCES OF
THE CONSTRICTION MODEL
In this section, we present computations of various
density-density correlators of the fields in the constriction
model for the three cases of weak coupling ballistic trans-
port (i.e., no interedge tunneling), strong coupling with
interedge tunneling for ν2 < ν
∗
2 and strong coupling with
interedge tunneling for ν2 > ν
∗
2 . We then employ these
correlators in a Kubo formulation to compute the chiral
linear dc conductances of the system. In this way, we
will confirm the physical picture of the dip-to-peak evo-
lution developed in the last section. We will, in this way,
also be able to see the consequence of the qparticle-qhole
symmetry on measurable quantities like conductances,
confirming the physical picture of transport through the
constriction system presented earlier.
In all that follows, we switch from the Euclidean time
τ to Matsubara frequencies ω¯n. This will also be seen
to facilitate the computation of the the linear dc conduc-
tances. Thus, we begin by computing certain density-
density correlators, e.g., 〈[∂xφ1inω¯n (x), ∂xφ1out−ω¯n(x′)]〉, for
the free theory S given earlier (i.e., S in the absence
of all interedge tunneling processes)
〈[∂xφ1inω¯n (x), ∂xφ1out−ω¯n(x′)]〉 =
〈[(∂xφu−a + ∂yφl−a)(∂xφua + ∂yφr−a)]〉e−|ω¯n(x
′−x−2a)/v|
= 〈[∂xφu−a, ∂xφu−a]〉e−|ω¯n(x
′−x)/v|
=
2piν2
v2
|ω¯n|e−|ω¯n(x
′−x)/v| , (50)
where we have used the commutation relations for the
various fields and the fact that all transport on the var-
ious edges is ballistic and described by the solutions
to the chiral equations of motion for the edge density
waves given earlier. Further, for the sake of notational
brevity, we suppressed the ω¯n frequencies in all subscripts
on the right hand side, keeping only the spatial depen-
dence in the subscripts in the correlator expressions. The
e−|ω¯n(x
′−x)/v| factor is the expected phase (easily seen
upon performing an analytic continuation to real frequen-
cies ω) associated with the ballistic transport between
the points x and x′. As we will soon see when deriv-
ing the expressions for the linear dc conductances, this
phase factor vanishes upon taking the limit of vanishing
frequencies, while the filling factor dependence is crucial.
In the same way, we find the other density-density cor-
relators between the fields outside the constriction as
〈[∂xφ1inω¯n (x), ∂xφ2out−ω¯n(x′)]〉 = −
2pi(ν1 − ν2)
v2
|ω¯n|e−|ω¯n(x
′−x)/v|,
〈[∂xφ2inω¯n (x), ∂xφ2out−ω¯n(x′)]〉 = −
2piν2
v2
|ω¯n|e−|ω¯n(x
′−x)/v| ,
〈[∂xφ2inω¯n (x), ∂xφ1out−ω¯n(x′)]〉 =
2pi(ν1 − ν2)
v2
|ω¯n|e−|ω¯n(x
′−x)/v|.(51)
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We now turn to the case of strong coupling interedge tun-
neling within the constriction. Here, three scenarios can
be realised, and we study each of them in turn. First, for
the case of ν2 < ν
∗
2 , we have already seen that quasipar-
ticle tunneling between the upper and lower edges of the
constriction region dominates at strong coupling. Then,
from the boundary theory given earlier, it is clear that
this strong coupling scenario possesses another boundary
condition (dynamically generated due to the RG flow):
φu(x = 0) = φd(x = 0). Using this boundary condi-
tion while computing the four density-density correlators
given above, we find
〈[∂xφ1inω¯n (x), ∂xφ1out−ω¯n(x′)]〉 = 0 ,
〈[∂xφ1inω¯n (x), ∂xφ2out−ω¯n(x′)]〉 = −
2piν1
v2
|ω¯n|e−|ω¯n(x
′−x)/v| ,
〈[∂xφ2inω¯n (x), ∂xφ2out−ω¯n(x′)]〉 = 0 ,
〈[∂xφ2inω¯n (x), ∂xφ1out−ω¯n(x′)]〉 =
2piν1
v2
|ω¯n|e−|ω¯n(x
′−x)/v| .(52)
It is easy to see from these correlators that the physical
system here is that visualised in Fig.(7).
Next, for the case of ν2 > ν
∗
2 , we have already de-
termined that quasiparticle tunneling between the left
and right edges of the constriction region dominates at
strong coupling. Then, from the boundary theory given
earlier, it is clear that this strong coupling scenario pos-
sesses another boundary condition (again, dynamically
generated due to the RG flow): φl(y = 0) = φr(y = 0).
Using this boundary condition while computing the four
density-density correlators given above, we find
〈[∂xφ1inω¯n (x), ∂xφ1out−ω¯n(x′)]〉 =
2piν1
v2
|ω¯n|e−|ω¯n(x
′−x)/v|,
〈[∂xφ1inω¯n (x), ∂xφ2out−ω¯n(x′)]〉 = 0 ,
〈[∂xφ2inω¯n (x), ∂xφ2out−ω¯n(x′)]〉 = −
2piν1
v2
|ω¯n|e−|ω¯n(x
′−x)/v| ,
〈[∂xφ2inω¯n (x), ∂xφ1out−ω¯n(x′)]〉 = 0 . (53)
It is again easy to see from these correlators that the
physical system here is that visualised in Fig.(6).
Finally, we turn to considering the qparticle-qhole sym-
metric case of ν2 = ν
∗
2 . It is clear that since the two RG
flows to strong coupling indicate opposing tendencies on
the system, i.e., very different physical configurations for
the system (Figs.(6) and (7) respectively), the equally
fast growth of both couplings still cannot lead to the gen-
eration of any new boundary conditions in this case. It is
then easily concluded that all the density-density corre-
lators studied above must appear to be exactly the same
at strong coupling as found to be at weak coupling (and,
indeed, all along the RG flow). Thus, the consequence of
the global symmetry of qparticle-qhole conjugation is to
keep the various transmission and reflection edge fields
at the constriction from becoming massive locally. This
confirms the existence of a line of critical (gapless) the-
ories, all possessing the symmetry mentioned above and
unstable to relevant RG perturbations upon changing the
parameter ν2 from its critical value; the correlators con-
firm that the RG flow is towards strong coupling theories
where either the transmitting or the reflecting edges be-
come massive locally, suppressing some of the correlators
while giving the other correlators the values they would
have in the two scenarios in Figs.(6) and (7).
As we will now see, by using the fact that the charge
and current densities for a chiral edge bosonic field φ
are simply related to another another, these density-
density correlators can be employed in computing sev-
eral 2-terminal chiral linear (dc) conductances. These
conductances can be derived from a linear response type
Kubo formulation 11,14,41, yielding relations linking them
to the correlators computed above in the form of retarded
response functions (obtained upon performing an ana-
lytic continuation from Matsubara frequencies ω¯n to real
frequencies ω)
gαβ(x, x
′) = lim
ω→0
(−1)[α˜+β˜] e
2v2
2pihω
×
×〈[∂xφαω(x), ∂xφβ−ω(x′)]〉 , (54)
where (α, β) = (1in, . . . , 2out) are the terminal indices,
(α˜, β˜) are the terminal numbers (i.e., 1 and 2) associated
with these terminal indices and [α˜+ β˜] is a number mod-
ulo 2 such that the factor (−1)[α˜+β˜] restores the direc-
tion of net current flow from source to drain as positive.
From the expressions for the correlators given earlier, it
is clear that in the dc limit ω → 0 , the linear conduc-
tances no longer depend on the spatial coordinates of
x and x′; this is a consequence of the fact that trans-
port along the edges is ballistic and equilibriation takes
place only in the reservoirs 41. We can now simply use
the various correlators computed above in calculating the
various 2-terminal chiral linear conductances of the sys-
tem. For the sake of brevity, we summarise in table (I)
presented below, our calculations of the chiral linear con-
ductances g1in,1out and g1in,2out, representing the trans-
mission and reflection through the constriction, at weak
coupling (ballistic transport only) and the three strong
coupling scenarios of ν2 < ν
∗
2 , ν2 > ν
∗
2 and ν2 = ν
∗
2 .
Constriction filling
ν2
g1in,1out(e
2/h) g1in,2out(e
2/h)
Weak coupling ν2 ν1 − ν2
Strong coupling
(ν2 < ν
∗
2 ) 0 ν1
Strong coupling
(ν2 > ν
∗
2 ) ν1 0
Strong coupling
(ν2 = ν
∗
2 ) ν2 ν1 − ν2
TABLE I: Values of two chiral linear conductances, g1in,1out
and g1in,2out, representing the transmission and reflection
through the constriction at weak coupling (ballistic transport
only) and the three strong coupling scenarios of ν2 < ν
∗
2 ,
ν2 > ν
∗
2 and ν2 = ν
∗
2 .
15
The other two conductances g2in,1out and g2in,2out can
be computed in precisely the same manner. The physi-
cal picture of weak coupling ballistic transport and the
three strong coupling scenarios presented earlier is imme-
diately confirmed from the expressions given in table (I).
The finite temperature T (or voltage V ) expressions for
the perturbative corrections to the weak coupling ballis-
tic chiral conductances due to the qparticle and qhole
interedge tunneling processes revealed earlier can also
be computed from the boundary theories presented ear-
lier 11. Thus, we find that
δgWC1in,1out = g1in,1out − ν2
e2
h
= −c1 e
2
h
λ21T
2ν2−2 + c2
e2
h
λ22T
−2ν2/ν1
δgWC1in,2out = g1in,2out − (ν1 − ν2)
e2
h
= +c3
e2
h
λ21T
2ν2−2 − c4 e
2
h
λ22T
−2ν2/ν1 ,(55)
where (c1, . . . , c4) are non-universal constants. We con-
clude by noting that, for the qparticle-qhole symmet-
ric critical constriction filling factor of ν∗2 , the tunnel-
ing strengths λ1 ≡ λ2 while the constants are related as
c1 = c2 , c3 = c4, such that the corrections to the chiral
linear conductances given above vanish, δg
WC,ν∗
2
1in,1out = 0 =
δg
WC,ν∗
2
1in,2out . This provides a more quantitative explana-
tion of the edge-bias independent constriction transmis-
sion observed experimentally 6.
VI. COMPARISON WITH THE EXPERIMENTS
In this section, we bring together all our results in
order to compare them with the findings of the exper-
iments 6,7,8,10. In our phenomenological model for edge
state transport in the presence of a gate-voltage con-
trolled constriction, we have chosen to model the con-
striction by a mesoscopic region of lowered electronic den-
sity (and hence, filling fraction ν2) in comparison to that
in the bulk (of filling fraction ν1). The reduced transmis-
sion through the constriction at high edge-bias (i.e., par-
tial transmission ballistic transport) is explained in terms
of the transmitting edge states of the constriction, whose
properties are governed solely by the constriction quan-
tum Hall fluid. Further, the experimentally observed cur-
rent backscattered from the constriction (and received in
a terminal on the opposite side of the Hall bar) is ex-
plained in terms of the existence of a gapless edge state
lying in between the bulk and constriction quantum Hall
fluids (and whose properties are governed by both the
bulk as well as the constriction fluids).
Next, the startling dip-to-peak evolution of the van-
ishing bias constriction transmission with decreasing
strength of the gate-voltage is understood as the result
of a competition between local interedge quasiparticle
(quasihole) tunneling events among the transmitting (re-
flecting) edges of the constriction region. The edge-bias
independent constriction transmission is seen to arise
from the qparticle-qhole symmetric critical theories that
lie on the separatrix of the RG phase diagram; the equal
and opposite growth of the two interedge tunneling pro-
cesses leads to an exact cancellation of any gap gener-
ating processes. These critical theories are characterised
by a critical value of ν2 = ν
∗
2 and separate relevant RG
flows to either of the cases of perfect and zero transmis-
sion through the constriction. The values of the critical
ν∗2 and the constriction transmission at this value, t(ν
∗
2 ),
are seen to match exactly those obtained experimentally
for the cases of the bulk ν1 = 1, 1/3
6,7. Further, the
experimental finding of t(ν∗2 ) lying between 0.7 and 0.8
for both the cases of ν1 = 2/5 and ν1 = 3/7
8 appear
to be consistent with those obtained from the results
obtained from our model. More rigorous experimental
investigations of the ν1 = 2/5, 3/7 systems may, how-
ever, be necessary to make a firmer statement. Further,
the two dip-to-peak evolutions observed for the case of
ν1 = 2
6, is easily understood from our model as long
as we assume zero inter-Landau level mixing. Finally,
the phenomenological assumptions of (i) a constriction
region characterised simply by one parameter, ν2, and
(ii) only local interedge tunneling events inside the con-
striction appear to be robust against changes in the size
and shape of the constriction (i.e., the size and shape
of the gate-voltage plates which create the constriction
through electrostatic means); this is consistent with the
experimental results of Ref.(10).
We now evaluate the relevance of our model in un-
derstanding the findings of a recent work on a constric-
tion circuit with the bulk at ν1 = 3
42. In this work,
the authors appear to find evidence for a zero-bias resis-
tance peak for the case of the constriction at ν2 = 5/2.
Levin etal., in a very recent work 43, attribute this to
the possibility of a Pfaffian (Pf) 5/2 state existing in the
constriction quantum Hall fluid, rather than its particle-
hole conjugate anti-Pfaffian (Apf) state. For this, they
appear to use the simple model for the constriction first
revealed in Ref.(26) (and further elaborated upon here),
together with the fact that they find the interedge tun-
nel coupling between the transmitting edges (λ1 in our
work) to be more RG relevant than the interedge tunnel
coupling between the reflecting edges (λ2 in our work).
Thus, this experimental observation 42 appears, at first
sight, to be inconsistent with our results for the case of
ν1 = 3: specifically, our analysis predicts that the con-
striction filling fraction of ν2 = 5/2 is critical, and the
constriction transmission should therefore be edge-bias
independent (as observed in the experiments for the cases
of ν2 = 1/2, ν1 = 1 and ν2 = 3/2, ν1 = 2
6). While Miller
etal. 42 find a zero-bias resistance peak at ν2 = 7/3 in
consistency with the predictions from our analysis, ex-
perimental results at ν2 = 8/3 (where our analysis pre-
dicts the existence of a zero-bias resistance minimum) are
as yet forthcoming.
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A closer look, however, reveals that the inconsistency
for the case of ν2 = 5/2 arises from the following fact.
The analysis of the quantum Hall constriction system
carried out in the present work relies on the assump-
tion that the quantum Hall ground states in the bulk as
well as constriction regions are completely spin polarised,
have only two-body interactions, exactly 1/2-electron per
magnetic flux and no inter-Landau level mixing. The Pf
state, on the other hand, is the exact ground state of
a three-body interaction which explicitly breaks particle-
hole symmetry 44. It is, therefore, not surprising that the
predictions of edge state theories based on these two bulk
quantum Hall states should be quite different. A more
systematic experimental study of the ν1 = 3 constriction
system along the lines of that conducted by Roddaro etal.
for the ν1 = 1 system
6 could, therefore, improve consid-
erably our understanding of the nature of the ν = 5/2
quantum Hall ground state.
VII. SUMMARY AND OUTLOOK
In this work, we have introduced a model which de-
scribes intermediate conductance scenarios in the prob-
lem of tunneling in 1D chiral systems by constructing
a model for a constricted region (i.e., with a lower fill-
ing fraction, ν2, than that of the Hall fluid in the bulk,
ν1). A Landauer-Buttiker analysis of ballistic transport
reveals that the constriction acts as a junction for the
chiral density waves incident on it by splitting them into
currents on the transmitting and reflecting arms of the
constriction region. An edge state model is then for-
mulated in terms of a hydrodynamic theory of long-
wavelength, low-energy chiral density-wave excitations.
Specifically, we are able to describe the dynamics of the
constriction junction in terms of two pairs of edge fields,
(φu, φd) and (φl, φr), whose properties are governed by
the effective filling fractions ν2 and ν1 − ν2 respectively.
The constriction is connected to two incoming- and two
outgoing-chiral modes. Introducing local quasiparticle
tunneling across various arm pairs of the constriction,
we derive the perturbative RG equations for the various
tunnel couplings and find that the RG flow is towards
strong-coupling for both the tunnel couplings considered.
A competition between the two couplings to reach the
strong-coupling regime determines the low-energy con-
figuration of the system. A quasiparticle-quasihole sym-
metry of the system is found to determine the existence
of a line of critical (gapless) theories at a critical filling
fraction of the constriction region (ν∗2 ) which separates
the relevant RG flows towards the perfect transmission
and reflection strong coupling fixed point theories. The
conductances g1in,1out and g1in,2out are computed in the
weak and strong quasiparticle tunneling coupling limits
and are also found to match qualitatively the experimen-
tal findings of Refs.6,7. We are also able to recover the
familiar results for ν2 = ν1
11,14. In this way, we have
achieved a non-trivial generalisation of the generic phe-
nomenological model of tunneling in FQHE systems for-
mulated by Kane and Fisher11,14.
Given the success the phenomenological edge model
proposed in this work meets in providing explanations
for the various puzzling experimental observations, we
now turn to a discussion of certain aspects of the model.
First, the model relies essentially on treating the filling
fractions of the quantum Hall ground state in the bulk
(ν1) and constriction(ν2) regions as the two parameters
of the model. While such a model is sensible for the case
of when both (ν1, ν2) take values from among the spe-
cial fractions representing incompressible quantum Hall
ground states, how far can we trust it for the case of
when the quantum Hall ground states in the bulk and
constriction regions are compressible? The answer could
lie in a work by Levitov, Shytov and Halperin 45 pro-
vides a generalisation of the chiral TLL edge state to the
case of a compressible quantum Hall state in the bulk via
a composite-fermion Chern-Simons formulation. Thus,
it should be possible to derive the edge model for the
constriction system proposed here for a general quantum
Hall ground state by proceeding along similar lines.
Further, the multimode nature of the edge state of
several members of the incompressible Jain heirarchy of
quantum Hall states, involving one charged edge mode
and several charge neutral modes, is a well established
fact theoretically. Thus, it is worth understanding how
the present model (with its assumption of a single edge
mode everywhere in the circuit) fares so well in its com-
parison with the experiments even in describing such
quantum Hall states. A possible microscopic explanation
can be found by assuming that the velocity of the charge
mode is much greater than those of the various neutral
modes of a multimode edge state 46. Under such circum-
stances, the dynamics of only the charge edge mode be-
comes important in an intermediate energy regime, while
the responses arising from the various neutral modes can
be ignored. Further, the composite fermion field theo-
retic formulation by Lopez and Fradkin departs from the
multimode picture of the QH edge for the incompress-
ible Jain fractions 47; this construction involves only one
charge mode (and two auxiliary Klein factors which do
not have any additional propagating degrees of freedom).
In this sense, this formulation can be likened to the other
multimode edge theories with vanishing neutral mode ve-
locities. Finally, for the case of integer quantum Hall
systems, it is worth noting that recent numerical works
by Siddiki and co-workers 48 suggest that quantum Hall
systems at higher (integer) ν filling fractions generically
involve only one edge mode in charge transport.
The present work can clearly be generalised to the case
of more than 4 chiral wires meeting at a junction. This is
important in modeling the transport across various kinds
of junctions of several non-chiral Tomonaga-Luttinger
liquid wires, where the RG phase diagram is known
to contain several non-trivial fixed points49,50,51,52,53,54.
Studies of resonant-tunneling junctions (i.e., junctions
which possess a resonant two-level system or spin-1/2
17
degree of freedom in addition to allowing quasiparticle
tunneling)11,49,52,54 reveal interesting transport phenom-
ena (including variations of the Kondo- and Coulomb-
blockade effects); a resonant-tunneling constriction junc-
tion is likely to possess novel variations of the phenomena
found in these works.
Several experimental studies of noise correlations in
quantum Hall edge systems (both the integer55,56 as well
as fractional8,9 kind), where Hanbury Brown-Twiss type
correlations have been analysed through current-splitters
created using split-gated constrictions on quantum Hall
samples, have thrown up many interesting results. A sim-
ilar study has also been performed with a point contact
in a 2DEG57. Recently, experimental observations on the
interference fringes in the source-drain conductance of a
Mach-Zehnder interferometer made out of edge states in
the integer quantum Hall system have received a lot of
attention 58. It would, therefore, be very interesting to
study the current-noise correlations of the constriction
junction model we have set up in the present work.
This study has also revealed the existence of novel gap-
less edge states that lie in between gapped quantum Hall
fluids with differing filling factors. In our study, such
states carried the reflected current between the two edges
of the Hall bar, making the scenario essentially one of
intermediate transmission. While the phenomenological
hydrodynamic edge state model developed in the present
work, and containing these novel edge states, meets with
considerable success in explaining the various puzzles pre-
sented by the experiments6,8, it will be even more satis-
fying to explore the emergence of such a model from that
of a theory containing the bulk degrees of freedom as
well. Such an investigation can be carried out by start-
ing from a Chern-Simons Ginzburg-Landau type theory59
of a quantum Hall with a spatially dependent filling fac-
tor, and will be the focus of a future work. Finally, we
note that it remains a challenge to be able to develop a
microscopic understanding of the dependence of the con-
striction filling-fraction ν2 proposed in our model on the
gate-voltage Vg. Accomplishing this will allow us to make
detailed quantitative comparisons with available experi-
mental data as well as propose future experiments.
Acknowledgments
I am grateful to D. Sen and S. Rao for many stimu-
lating discussions and constant encouragement. I would
like to thank A. Altland, B. Rosenow and Y.Gefen for
many invaluable discussions on various aspects of quan-
tum Hall edge state transport as well as S. Roddaro, V.
Pellegrini and M. Heiblum in helping my understanding
of their experiments. Special thanks are also due to S.
Vishveshwara, M. Stone, G. Murthy, A. Siddiki, R. Maz-
zarello, F. Franchini, I. Safi, F. Dolcini and A. Nersesyan
for discussions on quantum Hall physics. I am indebted
to Centre for Condensed Matter Theory, Indian Institute
of Science, Bangalore and Harishchandra Research Insti-
tute, Allahabad for their hospitality while this work was
carried out.
∗ Electronic address: slal@ictp.it
1 Thierry Giamarchi, Quantum Physics in One Dimension
(Oxford University Press, Oxford, 2004) and references
therein.
2 X. G. Wen, Phys. Rev. B 41, 12838 (1990); Phys. Rev. B
43, 11025 (1991); Phys. Rev. B 44, 5708 (1991).
3 X. G. Wen, Int. J. of Mod. Phys. B 6, 1711 (1992).
4 A. M. Chang, Rev. Mod. Phys. 75, 1449 (2003).
5 X. G. Wen, Adv. Phys. 44, 405 (1995).
6 S. Roddaro, V. Pellegrini, F. Beltram, L. N. Pfeiffer and
K. W. West, Phys. Rev. Lett. 95, 156804 (2005).
7 S. Roddaro, V. Pellegrini, F. Beltram, G. Biasiol and L.
Sorba, Phys. Rev. Lett. 93, 046801 (2004).
8 Y. C. Chung, M. Heiblum and V. Umansky, Phys. Rev.
Lett. 91, 216804 (2003).
9 E. Comforti, Y. C. Chung, M. Heiblum, V. Umansky and
D. Mahalu, Nature 416, 515 (2002).
10 S. Roddaro, U. Perinetti, V. Pellegrini, F. Beltram, L. N.
Pfeiffer and K. W. West, Physica E 34, 132 (2006).
11 C. L. Kane and M. P. A. Fisher, Phys. Rev. Lett. 68, 1220
(1992); Phys. Rev. B 46, 15233 (1992).
12 See M. P. A. Fisher and L. I. Glazman in Mesoscopic Elec-
tron Transport, L. Kouwenhoven, G. Scho¨n and L. Sohn
eds., NATO ASI Series E345, Kluwer Acad. Publ., Dor-
drecht (1997) for an excellent review.
13 A. O. Gogolin, A. A. Nersesyan and A. M. Tsvelik,
Bosonization and Strongly Correlated Systems (Cambridge
University Press, Cambridge, 1998).
14 K. Moon, H. Yi, C. L. Kane, S. M. Girvin and M. P. A.
Fisher, Phys. Rev. Lett. 71, 4381 (1993).
15 A. Furusaki and N. Nagaosa, Phys. Rev. B 47, 4631 (1993).
16 E. Wong and I. Affleck, Nucl. Phys. B 417, 403 (1994).
17 P. Fendley, A. W. W. Ludwig and H. Saleur, Phys. Rev.
Lett. 74, 3005 (1995); Phys. Rev. B 52, 8934 (1995).
18 Y. Oreg and A. M. Finkel’stein, Phys. Rev. Lett. 74, 3668
(1995).
19 L. P. Pryadko, E. Shimshoni and A. Auerbach, Phys. Rev.
B 61, 10929 (2000).
20 V. M. Apalkov and M. E. Raikh, Phys. Rev. B 68, 195312
(2003).
21 C. L. Kane and M. P. A. Fisher, Phys. Rev. B 51, 13449
(1995).
22 D. B. Chklovskii and B. I. Halperin, Phys. Rev. B 57, 3781
(1998); N. P. Sandler, C. C. Chamon and E. Fradkin, Phys.
Rev. B 57, 12324 (1998).
23 C. C. Chamon and E. Fradkin, Phys. Rev. B 56, 2012
(1997).
24 J. E. Moore, P. Sharma and C. Chamon, Phys. Rev. B 62,
7298 (2000).
25 J. E. Moore and X. G. Wen, Phys. Rev. B 66, 115305
18
(2002).
26 S. Lal, Europhys. Lett. 80, 17003 (2007).
27 E. Papa and T. Stroh, Phys. Rev. Lett 97, 046801 (2006);
ibid., Phys Rev. B 75, 045342 (2007).
28 E. Papa and A. H. MacDonald, Phys. Rev. Lett. 93,
126801 (2004); ibid., Phys. Rev. B 72, 045324 (2005).
29 R. D’Agosta, R. Raimondi and G. Vignale, Phys. Rev. B
68, 035314 (2003); L. P. Pryadko, E. Shimshoni and A.
Auerbach, Phys. Rev. B 61, 10929 (2000).
30 M. Bu¨ttiker, Y. Imry, R. Landauer and S. Pinhas, Phys.
Rev. B 31, 6207 (1985); S. Datta, Electronic transport in
mesoscopic systems (Cambridge University Press, Cam-
bridge, 1995); Transport phenomenon in mesoscopic sys-
tems, edited by H. Fukuyama and T. Ando (Springer Ver-
lag, Berlin, 1992); Y. Imry, Introduction to Mesoscopic
Physics (Oxford University Press, New York, 1997).
31 S. Komiyama, H. Hirai, S. Sasa and S. Hiyamizu, Phys.
Rev. B 40, 12566 (1989).
32 M. Bu¨ttiker, Phys. Rev. Lett. 57, 1761 (1986); IBM J. Res.
Dev. 32, 317 (1988).
33 V. V. Ponomarenko and D. V. Averin, Phys. Rev. B 67,
035314 (2003); ibid, Phys. Rev. B 70, 195316 (2004).
34 A. H. Castro Neto, C. deC. Chamon and C. Nayak, Phys.
Rev. Lett. 79, 4629 (1997).
35 D. Yoshioka, The Quantum Hall Effect (Springer Series in
Solid-State Sciences no. 133, Berllin, 2002) and references
therein.
36 S. Lal, S. Rao and D. Sen, Phys. Rev. Lett. 87, 026801
(2001); ibid., Phys. Rev. B 65, 195304 (2001).
37 S. M. Girvin, Phys. Rev. B 29, 6012 (1984).
38 E. Shimshoni, S. L. Sondhi and D. Shahar, Phys. Rev. B
55, 13730 (1997).
39 S. Xiong, Phys. Rev. B 57, 9928 (1998).
40 J. T. Chalker and P. D. Coddington, J. Phys. C 21, 2665
(1988).
41 C. L. Kane and M. P. A. Fisher in Perspectives in Quan-
tum Hall Effects, S. Das Sarma and A. Pinczuk eds., John
Wiley & Sons, New York (1997).
42 J. B. Miller, I. P. Radu, D. M. Zumbu¨hl, E. M. Levenson-
Falk, M. A. Kastner, C. M. Marcus, L. N. Pfeiffer and K.
W. West, Nature Physics 3, 561 (2007).
43 M. Levin, B. I. Halperin and B. Rosenow, arxiv:cond-
mat/0707.0483; S-S. Lee, S. Ryu, C. Nayak and M. P. A.
Fisher, arxiv:cond-mat/0707.0478.
44 M. Greiter, X. G. Wen and F. Wilczek, Phys. Rev. Lett.
66, 3205 (1991).
45 L. S. Levitov, A. V. Shytov and B. I. Halperin, Physical
Rev. B 64, 075322 (2001).
46 D. H. Lee and X. G. Wen, arxiv:cond-mat/9809160.
47 A. Lopez and E. Fradkin, Phys. Rev. B 59 15323 (1999).
48 A. Siddiki and R. R. Gerhardts, Phys. Rev. B 70, 195335
(2004); A. Siddiki and F. Marquardt, Phys. Rev. B 75,
045325 (2007).
49 C. Nayak, M. P. A. Fisher, A. W. W. Ludwig and H. H.
Lin, Phys. Rev. B 59, 15694 (1999).
50 S. Lal, S. Rao and D. Sen, Phys. Rev. B 66, 165327 (2002).
51 S. Chen, B. Trauzettel and R. Egger, Phys. Rev. Lett. 89,
226404 (2002).
52 C. Chamon, M. Oshikawa and I. Affleck, Phys. Rev. Lett.
91, 206403 (2003).
53 S. Das, S. Rao and D. Sen, Phys. Rev. B 70, 085318 (2004).
54 S. Rao and D. Sen, Phys. Rev. B 70, 195115 (2004).
55 M. Henny, S. Oberholzer, C. Strunk, T. Heinzel, K. En-
sslin, M. Holland and C. Sho¨nenberger, Science 284, 296
(1999).
56 S. Oberholzer, M. Henny, C. Strunk, C. Scho¨nenberger,
T. Heinzel, K. Ensslin and M. Holland, Physica 6E, 314
(2000).
57 W. D. Oliver, J. Kim, R. C. Liu and Y. Yamamoto, Science
284, 299 (1999).
58 Y. Ji, Y. C. Chung, D. Sprinzak, M. Heiblum, D. Mahalu,
and H. Shtrikman, Nature 422, 415 (2003); I. Neder, M.
Heiblum, Y. Levinson, D. Mahalu, and V. Umansky, Phys.
Rev. Lett. 96, 016804 (2006); I. Neder, M. Heiblum, D.
Mahalu, and V. Umansky, Phys. Rev. Lett. 98, 036803
(2007); L. V. Litvin, H.-P. Tranitz, W. Wegscheider, and
C. Strunk, Phys. Rev. B 75, 033315 (2007).
59 S. C. Zhang, T. H. Hansson and S. Kivelson, Phys. Rev.
Lett. 62, 82 (1989).
